We show the existence of n-complements for generalized polarized pairs with additional Diophantine approximation properties when the coefficients of boundaries belong to a DCC set.
Introduction
We work over the field of complex numbers C. The theory of complements was introduced by Shokurov when he proved the existence of log flips for threefolds [Sho92] . It turns out the theory of complements plays an important role in the recent development of birational geometry. The theory is further developed in [Sho00,PS01,Bir04,PS09,Bir19, HLS19,Sho20,CH20], see also [FM18, XuY19, FMX19] . In [Bir19] , Birkar proved the boundedness of log canonical complements for Fano type varieties when the coefficients of boundaries belong to a hyperstandard sets Γ ⊆ [0, 1] ∩ Q which is a breakthrough in the study of Fano varieties. The boundedness of log canonical complements plays an important role in various contexts, see [Bir16, Bir18, Liu18, Bir19, XuC19, BLX19] .
In [HLS19] , Han, Liu and Shokurov proved the boundedness of log canonical complements with additional Diophantine approximation properties for Fano type varieties with any DCC set Γ ⊆ [0, 1]. The theory of complements in this case could also be applied to prove the ACC for minimal log discrepancies of exceptional singularities [HLS19] and it has other applications.
For the purpose of induction in the birational geometry, we need to study and explore the space of generalized polarized pairs. They were first introduced in [BZ16] to deal with the effectivity of Iitaka fibrations. In recent years, they have found applications in various contexts, such as the boundedness of complements for Fano varieties [Bir19] , and Fujita's spectrum conjecture [HL17] , see [Fil17, HL18, HLiu19, LT19] for more works.
It is not clear that one can address the nature questions for the usual pairs in the setting of generalized polarized pairs, such as the cone theorem. On the other hand, it is known that the nonvanishing conjecture fails for genenrlaized polarized pairs, and we can only expect the numerical nonvanishing for genenrlaized polarized pairs, see [HLiu18, LP18, LP19] . In this paper, we focus on the boundedness of complements for generalized polarized pairs with additional Diophantine approximation properties, and show the existence of n-complements for generalized polarized pairs with DCC coefficients. Recall that the rational envelope V ⊆ R m of a point v ∈ R m is the smallest affine subspace containing v which is defined over the rationals.
Theorem 1.1. Let d, p, r and s be positive integers, ǫ a positive real number, Γ ⊆ [0, 1] a DCC set, ||.|| a norm on R s , v 0 ∈ R s \ Q s a point, V ⊆ R s the rational envelope of v 0 , and e ∈ V a non-zero vector. Then there exist a positive integer n and a point v ∈ V depending only on d, p, r, s, ǫ, Γ, ||.||, v 0 and e satisfying the following.
Assume that (X, B + M ) is a generalized pair with data X ′ f − → X → Z and M ′ such that
• X is of Fano type over Z, • B ∈ Γ, that is, the coefficients of B belong to Γ, • rM ′ is b-Cartier, and • (X/Z, B + M ) is R-complementary.
Then
(1) (existence of n-complements) for any z ∈ Z, there exists an ncomplement (X/Z ∋ z, B + + M ) of (X/Z ∋ z, B + M ), moreover, if Span Q ≥0 (Γ\Q) ∩ (Q\{0}) = ∅, then we may pick B + ≥ B, whereΓ is the closure of Γ,
(2) (divisibility) p|n, (3) (rationality) nv ∈ Z s , (4) (approximation) ||v − v 0 || < ǫ n , and (5) (anisotropic) || v−v 0 ||v−v 0 || − e ||e|| || < ǫ.
When M ′ = 0, −(K X + B) is nef over Z, and we remove the Diophantine approximation properties (2)-(5) in Theorem 1.1, it was proved by Shokurov [Sho00] for the case when dim X = 2 and Γ is the standard set, by Prokhorov and Shokurov [PS09] for the case when dim X = 3 and Γ ⊆ Q is a hyperstandard set, by Birkar [Bir19, Theorem1.7, Theorem 1.8] for the case when Γ ⊆ Q is a hyperstandard set. When M ′ = 0, it was proved by Han, Liu and Shokurov [HLS19] . We refer readers to [FM18] for the case whenΓ ⊆ [0, 1] without additional Diophantine approximation properties.
In order to show Theorem 1.1, we study a new class of complements, namely (n, Γ 0 )-decomposable R-complements. Note that when M ′ = 0, (n, Γ 0 )-decomposable R-complements are the same as [HLS19, Definition 1.9].
Definition 1.2. Let n be a positive integer, Γ 0 ⊆ (0, 1] a finite set and (X, B + M ) a generalized polarized pair with data X ′ f − → X → Z and M ′ . We say that (X/Z ∋ z, B + + M ) is an (n, Γ 0 )-decomposable R-complement of (X/Z ∋ z, B + M ) if (1) (X/Z ∋ z, B + + M ) is an R-complement of (X/Z ∋ z, B + M ), (2) K X + B + + M = a i (K X + B + i + M ) for some boundaries B + i and some a i ∈ Γ 0 with a i = 1, and (3) (X/Z ∋ z, B + i + M ) is an n-complement of itself for any i. We will show the existence of (n, Γ 0 )-decomposable R-complements for R-complementary generalized polarized pairs with DCC coefficients which is an important step in the proof of Theorem 1.1. Theorem 1.3. Let d, r be positive integers, and Γ ⊆ [0, 1] a DCC set. Then there exist a positive integer n and a finite set Γ 0 ⊆ (0, 1] depending only on d, r and Γ satisfying the following.
Assume that (X, B + M ) is a generalized polarized pair with data X ′ f − → X → Z and M ′ such that • (X, B + M ) is generalized lc of dimension d, • X of is Fano type over Z, • B ∈ Γ and rM ′ is b-Cartier, and • (X/Z, B + M ) is R-complementary.
Then for any point z ∈ Z, there is an (n, Γ 0 )-decomposable R-complement (X/Z ∋ z, B + + M ) of (X/Z ∋ z, B + M ). Moreover, ifΓ ⊆ Q, then we may pick Γ 0 = {1}, and (X/Z ∋ z, B + + M ) is a monotonic n-complement of (X/Z ∋ z, B + M ).
As one of the main ingredients in the proof of Theorem 1.1, we will show the existence of Nakamura's (generalized) lc rational polytopes.
Theorem 1.4 (Nakamura's (generalized) lc rational polytopes). Let d, r and m be positive integers, v 0 := (v 0 1 , . . . , v 0 m ) ∈ R m a point and V ⊆ R m the rational envelope of v 0 . Then there exists an open set U ∋ v 0 of V depending only on d, r, m and v 0 satisfying the following.
Assume
To show Theorem 1.4, we generalized a result of Nakamura [Nak16, Theorem 1.6], which is about perturbation of an irrational coefficient of generalized lc pairs, see Theorem 3.15. The proof of Theorem 3.15 is a combination of [HMX14] , [Nak16] and [HLQ17] . It is worthwhile to point out that, we use Birkar-Borisov-Alexeev-Borisov Theorem to simplify the proof of Nakamura. Moreover, by using Theorem 3.15, we can show the existence of Han type polytopes for R-complementary generalized polarized pairs of Fano type over the base (Theorem 3.18).
Structure of the paper. We outline the organization of the paper. In Section 2, we introduce some notation and tools which will be used in this paper, and prove certain basic results. In Section 3, we prove Theorem 1.4. In Section 4, we show Theorem 4.1 which is a generalized of [Bir19, Theorem 1.10]. In Section 5, we prove Theorem 1.3. In Section 6, we prove Theorem 1.1.
2.1. Arithmetic of sets. Let Γ ⊆ [0, +∞) be a set, we define
to be the set of hyperstandard multiplicities associated to Γ (c.f. [PS09, 3.2]). Note that if we add 1 − r to Γ for any r ∈ Γ, then we get Γ ⊆ Φ(Γ).
Definition 2.1 (DCC and ACC sets). We say that Γ ⊆ R satisfies the descending chain condition (DCC) if any decreasing sequence a 1 ≥ a 2 ≥ · · · in Γ stabilizes. We say that Γ satisfies the ascending chain condition (ACC) if any increasing sequence in Γ stabilizes.
Now assume that Γ ⊆ [0, 1] ∩ Q is a finite set. Then Φ(Γ) is a DCC set of rational numbers whose only accumulation point is 1.
2.2.
Divisors. We adopt the standard notation and definitions in [BZ16] and [Bir19] , and will freely use them.
Let X be a normal variety, D := d i D i an R-divisor and a a real number. We define ⌊D⌋ :
We say that D is b-Cartier if it is Q-Cartier and φ * D is Cartier for some birational morphism φ : Y → X.
Definition 2.2 (b-divisors). Let X be a variety. A b-R-Cartier b-divisor over X is the choice of a projective birational morphism Y → X from a normal variety Y and an R-Cartier divisor M on Y up to the following equivalence: another projective birational morphism Y ′ → X from a normal variety Y ′ and an R-
, its pullback to some resolution is Cartier.
2.3. Generalized polarized pairs. Definition 2.3. We say π : X → Z is a contraction if X and Z are normal quasi-projective varieties, π is a projective morphism, and π * O X = O Z (π is not necessarily birational).
Definition 2.4. Let X → Z be a contraction. We say that X is of Fano type over Z if (X, B) is klt and −(K X + B) is big and nef over Z for some boundary B.
Remark 2.5. Assume that X is of Fano type over Z. Then we can run the MMP/Z on any R-Cartier divisor D on X which terminates with some model Y (c.f. [PS09, Corollary 2.9], [BCHM10] ).
Definition 2.6 (Generalized polarized pairs). A generalized polarized pair consists of • a normal variety X equipped with a projective morphism X → Z,
• an R-divisor B ≥ 0 on X, and • a b-R-Cartier b-divisor over X represented by some projective bira-
We may say that (X, B + M ) is a generalized polarized pair with data
If dim Z = 0, the generalized polarized pair is called projective, and we will omit Z. If Z = X and X → Z is the identity map, we will omit Z. Since a b-R-Cartier b-divisor is defined birationally, we will often replace X ′ by a higher model and replace M ′ by its pullback.
Possibly replacing X by a higher model and M ′ by its pullback, we may assume that f is a log resolution of (X, B), and write
for some uniquely determined B ′ . The generalized log discrepancy of a divisor E on X ′ with respect to (X, B + M ) is 1 − mult E B ′ and denoted by a(E, X, B + M ). We define the generalized minimal log discrepancy of (X, B + M ) as mld(X, B + M ) := min{a(E, X, B + M ) | E is a prime divisor over X}.
We say that (X, B + M ) is generalized ǫ-lc (respectively generalized klt, generalized lc) for some non-negative real number ǫ if mld(X, B + M ) ≥ ǫ (respectively > 0, ≥ 0). For a divisor E over X with a(E, X, B +M ) ≤ 0, we call E a generalized nonklt place and its image on X a generalized nonklt center.
A generalized lc pair (X,
is a dlt pair and if every generalized nonklt center of (X, B + M ) is a nonklt center of (X, B). If in addition, the connected components of ⌊B⌋ are irreducible, then we say that the generalized polarized pair is generalized plt.
We recall an adjunction formula for generalized polarized pairs. Definition 2.7 (Generalized adjunction fomula). Let (X, B + M ) be a generalized polarized pair with data X ′ f − → X → Z and M ′ . Assume that S is the normalization of a component of ⌊B⌋, and that S ′ is its strict transform on X ′ . Possibly replacing X ′ by a higher model, we may assume that f is a log resolution of (X, B) and write
Then we get
and (S, B S + M S ) is a generalized pair with data S ′ g → S and M ′ S ′ , which is referred as the generalized adjunction formula.
Definition 2.8 (Generalized lc thresholds). Let (X, B +M ) be a generalized
We also need the following results. Assume that (X, B +M ) is a projective generalized pair with data X ′ f − → X and M ′ such that
Then B ∈ Γ 0 and µ j ∈ Γ 0 for any j.
2.4. MMP for generalized polarized pairs. For generalized polarized pairs, one can ask whether one can run MMP and whether it terminates. However the MMP for generalized polarized pairs is not completed established, but some important cases could be derived from the standard MMP. We elaborate these results which are developed in [BZ16, §4] . 
We call (Y, B Y + M Y ) a generalized dlt modification of (X, B + M ). We may use the following lemma frequently without citing it in this paper. Let n be a positive integer. We say that (X/Z ∋ z, B + + M ) is an ncomplement of (X/Z ∋ z, B + M ), if over a neighborhood of z, we have (1) (X,
We say that (X/Z ∋ z, B + + M ) is a monotonic n-complement of (X/Z ∋ z, B + M ) if we additionally have B + ≥ B. We say that (X/Z ∋ z, B + M ) is R-complementary (respectively (monotonic) n-complementary) if it has an R-complement (respectively (monotonic) n-complement).
If dim Z = 0, we will omit Z and z. If for any z ∈ Z, (X/Z ∋ z, B + + M ) is R-complementary (respectively (monotonic) n-complementary), then we say that (X/Z, B + M ) is R-complementary (respectively (monotonic) ncomplementary) .
The following lemma is well-known to experts (c.f. [Bir19, 6.1]). We will use the lemma frequently without citing it in this paper. (
Uniform rational polytopes
3.1. Accumulation points of generalized lc thresholds. The goal of this subsection is to prove Theorem N which is a generalization of [Nak16, Proposition 3.10]. Let X be a variety, B i distinct prime divisors on X and d i (t) : R → R Rlinear functions. We call the formal finite sum i d i (t)B i a linear functional divisor.
Definition 3.1 (D c (r, Γ)). Let c be a non-negative real number, r a positive integer and 0 ∈ Γ ⊆ [0, +∞) a set. We define D c (r, Γ) to be the set of linear functional divisors B(t) :
r }) and k ∈ Z, and (2) u + kt above can be written as u
For convenience, if B(t) is a linear functional divisor, and (X,
is generalized polarized pair with data X ′ f − → X → Z and M ′ , then we say
The form of the coefficient d i (t) is preserved by generalized adjunction. The proof is similar to [Nak16, Lemma 3.2] and [Bir19, Lemma 3.3], we may omit it. 
Let S be the normalization of B 0 , and
We define L d (r, Γ), the set of generalized lc thresholds derived from a positive integer r and a set of non-negative real numbers Γ, and N d (r, Γ), the set of generalized numerical trivial thresholds derived from r, Γ. 
Definition 3.4 (N d (r, Γ)). Let d and r be positive integers, and
Lemma 3.5. Let d ≥ 2 and r be positive integers, and 0 ∈ Γ ⊆ [0, +∞) a set. Then L d (r, Γ) ⊆ N d−1 (r, Γ).
Proof. The is similar to [Nak16, Theorem 3.6].
Theorem 3.6. Let d and r be positive integers, and Γ ⊆ [0, 1] a finite set. Then the accumulation points of N d (r, Γ) belong to Span Q (Γ ∪ {1}). In particular, the accumulation points of L d (r, Γ) belong to Span Q (Γ ∪ {1}).
Theorem 3.6 immediately follows from the following theorem.
Theorem N. Let d and r be positive integers, c a non-negative real number and 0 ∈ Γ ⊆ [0, +∞) a finite set. Suppose that for each i ∈ Z >0 , there exist a positive real number c i and a Q-factorial projective generalized polarized
Theorem P. Let d and r be positive integers, c a non-negative real number and 0 ∈ Γ ⊆ [0, +∞) a finite set. Suppose that for each i ∈ Z >0 , there exist a positive real number c i and a Q-factorial projective generalized polarized
We will prove Theorem N and Theorem P inductively. Before that, we put some additional conditions. Remark 3.7. In Theorem N and Theorem P, we may write B i (t) := j d ij (t)B ij by definition. Possibly replacing A i and B i (t), we may assume that d ij (t) is not identically one. By [Nak16, Lemma 3.7], we may assume that
By [Nak16, Claim 3.13], possibly passing to a subsequence, we may assume that
and k ij ∈ Z, then u ij , k ij have only finitely many possibilities, • d ij (c i ) are bounded from zero, and d ij (c i ) < 1 for any i, j, • d ij (c) > 0 for any i, j, and • the set {d ij (c) | i, j} satisfies the DCC.
Lemma 3.8. Notation as in Theorem N. Then possibly passing to a subsequence, we may assume that
belong to a DCC set, and the coefficients of A i are increasing, by Theorem 5.1, possibly passing to a subsequence, we may assume that (X i , (⌈A i ⌉ + B i (c)) + M i ) is generalized lc for any i.
In the following, by "(Theorem N) d " (respectively "(Theorem P) d "), we mean Theorem N (respectively Theorem P) with dimension ≤ d.
The proposition follows by generalized adjunction.
Proof. Let F i be a general fiber of g i : X i → Z i . Then restricting to F i gives
By Theorem 2.10, possibly passing to a subsequence, we have ⌊A i ⌋ = A i for any i. In particular, there exists a component Proof. Possibly passing to a subsequence, we may assume that dim
Then we may run a generalized MMP on
with scaling of an ample divisor,
0 and we are done by Propersition 3.9.
We may assume that D
, and A i , B i (t), M i by its strict transforms respectively, we may assume that X i admits a Mori fiber space g i :
we are done by Proposition 3.10. If dim Z i = 0, the we are done since then X i has Picard number one and therefore (K
We may run a generalized MMP on (K X i +A i +B i (c ′′ i )+M i ) with scaling of an ample divisor which terminates with a Mori fiber space h i :
We may replacing X i byX i , and A i , B i (t), M i by its strict transforms respectively, and therefore assume that X i admits a Mori fiber space h i :
By assumption, we are done by restricting to F i . If dim V i = 0, then X i has Picard number one. We finish the proof, since Theorem P holds in dimension d.
Proposition 3.12. Let ǫ be a positive real number and d a positive integer. Then (Theorem P) d holds if we additionally assume that X i is ǫ-lc for every i. In particular, (Theorem N) 1 and (Theorem P) 1 hold.
Proof. Possibly passing to a subsequence, we may assume that and dim X i = d and A i = 0. By [Bir16, Theorem 1.1], X i belongs to a bounded family. In particular, there is a very ample divisor H i on X i , such that H d i and −K X i · H d−1 i are bounded from above. Since X i has Picard number one, M i is nef and rM is integral. By the assumption, we have
which implies that c i = c for i sufficiently large, as there are only finitely many possibilities for u ij , k ij that appearing in d ij (t). If d = 1, then X i is P 1 for any i. Thus (Theorem N) 1 and (Theorem P) 1 hold.
Proposition 3.13. Let d ≥ 2 be an integer. Then (Theorem N) d−1 implies (Theorem P) d .
Proof. Possibly passing to a subsequence, we may assume that c i is decreasing and dim X i = d. Let
for some prime divisor E i over X i . By Proposition 3.12, we may assume that a i is decreasing, lim i→+∞ a i = 0 and a i < 1 for any i.
We first reduce to the case when A i = 0. Possibly replacing X ′ i by a higher model, there exists a morphism φ i :X i → X i contracting E i . We may write
andM i respectively, we may assume that A i = 0. Note that X i may has Picard number ≥ 2. Since
is generalized lc (Lemma 3.8) and the coefficients of A i are approaching 1.
We may replace X i by X ′′ i , and assume that X i admits a Mori fiber space g i : X i → Z i . Note that we have A i = 0 and Supp A i dominates Z i since g i is A i -positive. If dim Z i > 0, then we are done by Proposition 3.10. Hence we may assume that dim Z i = 0 and X i has Picard number one.
Claim 3.14. Possibly passing to a subsequence, we may assume that K
Proof of Claim 3.14. By Lemma 3.8, possibly passing to a subsequence, we may assume that (X i ,
Suppose on the contrary that
contradicts Theorem 2.10. Now we can finish the proof. If (X i , (⌈A i ⌉+B i (c i ))+M i ) is not generalized lc, then we set
Then e i ∈ L d (r, Γ) ⊆ N d−1 (r, Γ), and lim e i = lim c i = c, we are done. Thus we may assume that (X i ,
We define α i and β i as
We have that α i < c i , by Claim 3.14 and the assumption that
As the coefficients of A i are approaching one, lim β i = 1. In particular, we may assume that the set of coefficients of β i ⌈A i ⌉ + B i (c) + M i satisfies the DCC, which contradicts Theorem 2.10. Thus c ≤ α i < c i , and lim α i = c. Note that then (X i , (⌈A i ⌉+B i (α i ))+M i ) is generalized lc and not generalized klt, as both (X i , (⌈A i ⌉ + B i (c)) + M i ) and (X i , (⌈A i ⌉ + B i (c i )) + M i ) are generalized lc. We may replace A i by ⌈A i ⌉, and we are done by Proposition 3.9.
Proof of Theorem N and Theorem P. The theorems follow from Proposition 3.9, Proposition 3.10, Proposition 3.11, Proposition 3.12 and Proposition 3.13. Assume that (X, B(r c ) + M ) is a generalized polarized pair with data Proof. We may write s i (x 0 , . . . , x c ) := c j=0 q ij x j , for any 1 ≤ i ≤ m, where q ij is a rational number for any i, j. Let n be a positive integer such that nq ic ∈ Z for any 1 ≤ i ≤ m. Since s i (r 0 , . . . , r c ) ≥ 0 and r 0 , . . . , r c are linearly independent over Q, there exist two rational numbers t − , t + such that t − < r c < t + , and s i (r 0 , . . . , r c−1 , t) ≥ 0 for any t satisfying t − ≤ t ≤ t + .
Nakamura
Suppose on the contrary that there exist generalized polarized pairs (X i ,
) satisfying the conditions and that either lim
i by a higher model, there exists a generalized dlt modification g i :
Since r 0 , . . . , r c are linearly independent over Q, we have
we may assume that X i is Q-factorial for any i. Without loss of generality, we may assume that lim i→∞ h − i = r c and
we have that
by Theorem3.6, a contradiction.
Following the same arguments as in [HLS19, Theorem 5.6], we have the following result.
Proof of Theorem 1.4. The result follows from Theorem 3.15.
Remark 3.16. When v ∈ Q m , then U = V = {v}. We also note that U dose not depend on X. Assume that (X, B(t)+ M ) is a generalized polarized pair with data X ′ f − → X → Z and M ′ such that (1) dim X = d, X is of Fano type over Z,
The proof is very similar to that of [HLS19, Theorem 5.16].
Proof. We claim that there exists a positive real number ǫ, such that −(K X + B(t) + M ) is pseudo-effective for any t satisfying |t − r c | ≤ ǫ. Suppose that the claim does not hold. By Theorem 3.15, there exist generalized polarized pairs (X l , B l (t) + M l ) with data X ′ l f l − → X l → Z l and M ′ l satisfying the conditions and either lim h + l = r c or lim h − l = r c , where
Without loss of generality, we may assume that lim h + l = r c . Possibly passing to a subsequence, we may assume that h + l is strictly decreasing. Possibly passing to a subsequence again, by Theorem 3.15 again, we may assume that there exists a sequence of real numbers t l , such that h +
We may run an MMP/Z l on −(
Thus there exists a real number η l such that h + l ≤ η l < t l and Assume that (X,
Boundedness of relative complements
In this section, we show the following result which is the relative version of [Bir19, Theorem 1.10]. Proofs are very similar to those in [Bir19, Section 8]. (1) B ∈ Γ, (2) (X, Σ + αM ) is Q-factorial generalized plt for some boundary Σ and α ∈ (0, 1), (3) −(K X + Σ + αM ) is ample over Z, (4) S = ⌊Σ⌋ ≤ ⌊B⌋ is irreducible, and (5) S intersects π −1 (z), where π is the morphism X → Z.
Proof. We may find a boundary Σ 1 such that (X, Σ 1 ) is plt, −(K X + Σ 1 ) is ample over Z, and ⌊Σ 1 ⌋ = S. By the same arguements as in [Bir19, Proposition 8.1], S → π(S) is a contraction.
Possibly replacing X ′ by a higher model, we may assume that f : X ′ → X is a log resolution of (X, B + Σ), rM ′ is Cartier, and the induced map φ : S ′ → S is a morphism, where S ′ is the strict transform of S on X ′ . Let
and K X ′ + Σ ′ + αM ′ := f * (K X + Σ + αM ). Then we have the generalized adjunction
such that rM S ′ is Cartier. Moreover, by [Bir19, 3.1(2)], we may assume that Possibly replacing n by a larger number, we may assume that nΓ ⊆ Z. Let R S ′ := φ * R S , then we have
In the following, we want to lift R S ′ from S ′ to X ′ .
Let T ′ := ⌊B ′≥0 ⌋ and ∆ ′ := B ′ − T ′ . Define
which is an integral divisor. Possibly replacing Σ ′ by (1 − a)Σ ′ + aB ′ , and αM ′ by ((1 − a) α + a)M ′ for some a ∈ (0, 1) sufficiently close to 1, we may assume that α is sufficiently close to 1 and B ′ − Σ ′ has sufficiently small coefficients. We claim that there exists a divisor P ′ on X ′ , such that P ′ is exceptional over X, (X ′ , Λ ′ ) is plt and
Indeed let mult S ′ P ′ = 0, and for each prime divisor D ′ = S ′ , let
It suffices to show that P ′ is exceptional over X. Assume that D ′ is a component of P ′ that is not exceptional over X. Then D ′ = S ′ , and since nB is integral, mult D ′ n∆ ′ is integral. Hence mult D ′ ⌊(n + 1)∆ ′ ⌋ = mult D ′ ⌊n∆ ′ ⌋ which implies that mult D ′ P ′ = − mult D ′ ⌊Σ ′ ⌋ = 0, a contradiction.
By construction,
where ∆ S ′ := ∆ ′ | S ′ and P S ′ := P ′ | S ′ . Note that G S ′ is integral by the choice of R S ′ . Moreover, as the coefficients of n∆ S ′ − ⌊(n + 1)∆ S ′ ⌋ belong to (−1, 1), G S ′ ≥ 0. Let A := −(K X + Σ + αM ), and A ′ := f * A. Then
Possibly shrinking Z near z, we may assume that Z is affine. Since A ′ + αM ′ + nN ′ is nef and big over Z, and (X ′ , Λ ′ − S ′ ) is klt, h 1 (L ′ + P ′ − S) = 0 by the relative Kawamata-Viehweg vanishing theorem [KMM87, Theorem 1-2-5], and hence
is surjective. Therefore, there exists G ′ ≥ 0 on X ′ such that L ′ + P ′ ∼ G ′ and G ′ | S ′ = G S ′ .
As P ′ is exceptional over X, we have
where T, ∆, L, G are the strict transforms of T ′ , ∆ ′ , L ′ , G ′ respectively. Since nB is integral, ⌊(n + 1)∆⌋ = n∆, and
It is enough to show that (X, B + + M ) is generalized lc over some neighborhood of z since then (X/Z ∋ z, B + + M ) is a monotonic n-complement of (X/Z ∋ z, B + M ).
We first show that R| S = R S . Since
and ⌊(n + 1)∆⌋ = n∆, we have that f * (nR ′ ) = G = nR and R ′ = f * R. Thus
which means that R S ′ = R ′ | S ′ . In particular, R S = R| S and Proof of Theorem 4.1. We show the statement by induction on the dimension. Assume that Theorem 4.1 holds in dimension d − 1.
We may assume that 1 ∈ Γ. According to Theorem 5.1, we may assume that B ∈ Γ and (X, B + M ) is R-complementary.
Let N ≥ 0 be a Cartier divisor on Z passing through z, and t the generalized lc threshold of π * N with respect to (X, B+M ) over a neighborhood of z, where π is the morphism X → Z. Let Ω 0 := B +tπ * N . Possibly shrinking Z near z, we may assume that (X, Ω 0 +M ) is generalized lc. Let (X ′′ , Ω ′′ 0 +M ′′ ) be a generalized dlt modification of (X, Ω 0 + M ). Then X ′′ is of Fano type over Z. Moreover, there exists a boundary Ω ′′ 1 ≤ Ω ′′ 0 such that Ω ′′ 1 ∈ Γ, some component of ⌊Ω ′′ 1 ⌋ intersecting π −1 (z), and B ≤ Ω 1 , where Ω 1 is the strict transform of Ω ′′ 1 on Ω 1 . We may run an MMP/Z on −(K X ′′ + Ω ′′ 1 + M ′′ ) which terminates with a model X ′′′ such that −(K X ′′′ +Ω ′′′ 1 +M ′′′ ) is nef over Z, where Ω ′′′ 1 , M ′′′ are the strict transforms of Ω ′′ 1 , M ′′ respectively. Since (X ′′ , Ω ′′ 0 + M ′′ ) is R-complementary, (X ′′′ , Ω ′′′ 0 + M ′′′ ) is generalized lc and so is (X ′′′ , Ω ′′′ 1 + M ′′′ ). Moreover, no component of ⌊Ω ′′ 1 ⌋ is contracted by the MMP, as a(S ′′ , X ′′ , Ω ′′ 1 + M ′′ ) < 0 for any contracted divisor S ′′ . Possibly replacing (X, B + M ) by (X ′′′ , Ω ′′′ 1 + M ′′′ ), we may assume that X is Q-factorial, −(K X +B +M ) is nef over Z, and Supp⌊B⌋ intersecting π −1 (z).
We claim that there exist boundaries∆ ≤ ∆ such that −(K X + ∆ + αM ) and −(K X +∆ + αM ) are nef and big over Z, some component of ⌊∆⌋ intersects π −1 (z), (X, ∆ + αM ) is generalized dlt, and (X,∆ + αM ) is generalized klt for some α ∈ (0, 1).
Since −K X is big over Z and −(K X + B + M ) is nef over Z,
is big over Z for any α ∈ (0, 1). Assume that α is sufficiently close to 1, we define ∆ as follows. For any prime divisor D which is vertical over Z, we let mult D ∆ = mult D B, otherwise let mult D ∆ = mult D αB. Then (X, ∆ + αM ) is generalized lc, αB ≤ ∆ ≤ B, Supp⌊∆⌋ intersects π −1 (z), and −(K X + ∆ + αM ) is big over Z as ∆ = αB near the generic fiber. Let X → V /Z be the contraction defined by −(K X + B + M ). We may run an MMP/V on −(K X + ∆ + αM ) which terminates with a model X ′′
are the strict transforms of ∆, M respectively. Possibly replacing ∆ by aB + (1 − a)∆ for some a ∈ (0, 1) sufficiently close to 1, we may assume that −(K X ′′ 1 + ∆ ′′ 1 + αM ′′ 1 ) is nef and big over Z. Possibly replacing (X, ∆ + αM ) by (X ′′ 1 , ∆ ′′ 1 + αM ′′ 1 ) and B by its strict transform, we may assume that −(K X + ∆ + αM ) is nef and big over Z.
Let X → T /Z be the morphism define by −(K X + ∆ + αM ),∆ := β∆ for some β ∈ (0, 1). We may run an MMP/T on −(K X +∆ + αM ) and terminates with X ′′ 2 . Note that the MMP is (K X + B + M )-trivial, as it is (K X + ∆ + αM )-trivial and ∆ ≤ B. Possibly replacing X by X ′′ 2 , and also the corresponding divisors, and pick β sufficiently close to 1, we may assume that −(K X +∆ + αM ) is nef and big over Z. Possibly replacing (X, B + M ) by a generalized dlt modification, increasing α, β, and replacing (X, ∆ + αM ) and (X,∆ + αM ) by its crepant pullbacks, the claim holds. Moreover, possibly shrinking Z near z, we may assume that every component of ⌊∆⌋ intersects π −1 (z).
We may write −(K X + ∆ + αM ) ∼ R,Z A + G, where A ≥ 0 is ample/Z and G ≥ 0. Suppose that Supp G does not contain any generalized non-klt center of (X, ∆ + αM ). Then (X, (∆ + δG) + αM ) is generalized dlt for some sufficiently small positive real number δ. Moreover,
is ample over Z. There exists a boundary Σ such that (X, Σ + αM ) is generalized plt, S := ⌊Σ⌋ ⊆ ⌊B⌋ is irreducible and intersects π −1 (z), and −(K X + Σ + αM ) is ample over Z. By Proposition 4.2, the theorem holds.
In the following, we may assume that Supp G contains some generalized non-klt center of (X, ∆ + αM ).
Possibly replacing∆, we may assume that ∆ −∆ has sufficiently small coefficients, and the generalized lc threshold t of G + ∆ −∆ with respect to (X,∆ + αM ) over a neighborhood of z is sufficiently small such that any generalized non-klt center of (X, Ω + αM ) is a generalized non-klt center of (X, ∆ + αM ), where Ω :=∆ + t(G + ∆ −∆). Moreover,
is ample over Z.
If ⌊Ω⌋ = 0, then there exist a component S of ⌊Ω⌋ ⊆ ⌊∆⌋ ⊆ ⌊B⌋ and a boundary Σ 0 such that (X, Σ 0 + αM ) is generalized plt, S = ⌊Σ 0 ⌋ intersects π −1 (z), and −(K X +Σ 0 +αM ) is ample over Z. We are done by Proposition 4.2.
Suppose that ⌊Ω⌋ = 0. Let (X ′′ 3 , Ω ′′ 3 + αM ′′ 3 ) be a generalized dlt modification of (X, Ω+αM ). Possibly shrinking Z near z, we may assume that every component of ⌊Ω ′′ 3 ⌋ intersects π −1 (z). We may run a generalized MMP/Z on K X ′′ 3 + ⌊Ω ′′ 3 ⌋ + αM 3 which terminates with X since ⌊Ω ′′ 3 ⌋ is the reduced exceptional divisor of X ′′ 3 → X and (X, αM ) is generalized klt. Let X ′′′ 3 → X be the last step of the generalized MMP which is a divisorial contraction contracting a prime divisor S ′′′ 3 . Let (X ′′′ 3 , B ′′′ 3 + M ′′′ 3 ) be the crepant pullback of (X, B + M ), then S ′′′ 3 is a component of ⌊B ′′′ 3 ⌋. We finish the proof by Proposition 4.2. 5. Proof of Theorem 1.1 5.1. From the DCC set to a finite set.
Theorem 5.1. Let d and r be positive integers, α a positive real number, and Γ ⊆ [0, 1] a DCC set. Then there exist a finite set Γ ′ ⊆Γ and a projection g :Γ → Γ ′ depending only on d, r, α and Γ satisfying the following.
Assume that (X,
The proof of Theorem 5.1 is very similar to that of [HLS19, Theorem 5.18].
Proof. Possibly replacing Γ byΓ, we may assume that Γ =Γ. Let Γ ′′ := gLCT (d, Γ ∪ 1 r Z ≥0 ) which is an ACC set by Theorem 2.9. By [HLS19, Lemma 5.17], there exist a finite set Γ ′ ⊆ Γ a projection g :
for any γ ′ ≥ γ, γ, γ ′ ∈ Γ, and • for any β ∈ Γ ′′ and γ ∈ Γ, if β ≥ γ, then β ≥ g(γ). It suffices to show that (X,
Theorem 5.2. Let d and r be positive integers, and Γ ⊆ [0, 1] a DCC set. Then there exist a finite set Γ ′ ⊆Γ, and a projection g :Γ → Γ ′ depending only on d, r and Γ satisfying the following.
Assume that (X, ( b i B i ) + M ) is a generalized polarized pair with data
The proof of Theorem 5.2 is very similar to that of [HLS19, Theorem 5.20].
Proof. We first claim that there exist a finite set Γ ′ ⊆Γ, and a projection g :Γ → Γ ′ depending only on d, r and Γ such that for any generalized polarized pair (X, ( b i B i ) + M ) with data X ′ f − → X → Z and M ′ satisfying the conditions, then
• g(γ) ≥ γ for any γ ∈ Γ, • g(γ ′ ) ≥ g(γ) for any γ ′ ≥ γ, γ, γ ′ ∈ Γ,
We may assume that 1 ∈ Γ. Suppose that the claim does not hold. By Theorem 5.1, there exist a sequence of d-dimensional generalized polarized
, and a sequence of projections g k :Γ →Γ, such that for any k, i, we have
is not pseudo-effective over Z k . Possibly replacing X k by a dlt modification of (X k , B (k) + M k ), we may assume that X k is Q-factorial for any k. We may run an MMP/Z k on
For each k, there exist a positive integer k j and a positive real number
Since g k (b k,k j ) belongs to the DCC setΓ for any k, k j , possibly passing to a subsequence, we may assume that g k (b k,k j ) is increasing. 
Proof of Theorem 1.3.
Proof of Theorem 1.3. We may assume that 1 ∈ Γ. Possibly replacing (X, B + M ) by a generalized dlt modification, we may assume that X is Q-factorial. By Theorem 5.2, we may assume that Γ is a finite set.
By Theorem 3.18, there exist two finite sets Γ 0 ⊆ (0, 1] and Γ 1 ⊆ [0, 1] ∩ Q depending only on d, r and Γ such that possibly shrinking Z near z, we have (X, B i + M ) is generalized lc, −(K X + B i + M ) is pseudo-effective over Z, and a i = 1,
for some a i ∈ Γ 0 and B i ∈ Γ 1 . Moreover, ifΓ ⊆ Q, then we may pick Γ 0 = {1}, and B i = B.
For each i, we may run an MMP/Z on −(
is generalized lc. By Theorem 4.1, there exists a positive integer n depending on d and Γ 1 , such that (Y i /Z, B Y i ,i +M i ) has a monotonic n-complement.
By Lemma 2.14, (X/Z, B i +M ) has a monotonic n-complement (X/Z, (B i + G i )+M ) for some Q-Cartier divisor G i ≥ 0. Let B + := a i (B i +G i ). Hence (X/Z, B + + M ) is an (n, Γ 0 )-decomposable R-complement of (X/Z, B + M ).
Existence of n-complements
The following lemma is similar to [HLS19, Lemma 6.6] and [CH20, Lemma 6.1], but in a slightly different form. Lemma 6.1. Let n 0 , s be two positive integers, ǫ 0 a positive real number, v 0 ∈ R s \ Q s a point, V ⊆ R s the rational envelope of v 0 , ||.|| a norm on V and e ∈ V a non-zero vector. Let Γ ⊆ [0, 1] and Γ 0 ⊆ (0, 1] be finite sets. Then there exist a positive integer n 0 |n and a vector v depending only on n 0 , s, ǫ 0 , v 0 , ||.||, e, Γ and Γ 0 satisfying the following.
Assume that a i ∈ Γ 1 and b ij ∈ 1 n 0 Z ∩ [0, 1] (1 ≤ i ≤ k, 1 ≤ j ≤ m) such that k i=1 a i = 1 and k i=1 a i b ij ∈ Γ. Then there exists a point a ′ := (a ′ 1 , . . . , a ′ k ) ∈ R k >0 such that (1) k i=1 a ′ i = 1, (2) n(a ′ , v) ∈ n 0 Z s+k ,
Moreover, if there exist real numbers r 0 := 1, r 1 , . . . , r c which are linearly independent over Q such that Γ ⊆ Span Q ≥0 ({r 0 , . . . , r c }), then we can
Proof. Let v 1 , . . . , v c ∈ Z s be a basis of V such that e ∈ Span R ≥0 ({v 1 , . . . , v c }).
Then there exist c ′ ≥ c, r 1 , . . . , r c ′ and e 1 , . . . , e c ≥ 0 such that r 0 := 1, r 1 , . . . , r c ′ are linearly independent over Q, Γ 0 ⊆ Span({r 0 , . . . , r c ′ }), and
There exist positive integers l, M and Q-linear functions a i (r) : R c ′ → R depending only on Γ 0 such that a i (r 0 ) = a i , la i (r) is a Z-linear function and |a i (r) − a i (0)| ≤ M ||r|| ∞ for any r ∈ R c ′ and i, where r 0 := (r 1 , . . . , r c ′ ) and 0 := (0, . . . , 0) ∈ R c ′ .
We define a norm ||.|| * on V . For any x ∈ V , there exist unique real numbers x 1 , . . . , x c such that x = c i=1 x i v i , we define ||x|| * := max 1≤i≤c {|x i |}. By [HLS19, Lemma 6.4], there exists a positive real number M 1 such that ||
x ||x|| − y ||y|| || ≤ M 1 || x ||x|| * − y ||y|| * || * for any non-zero vectors x, y ∈ V . Moreover, possibly replacing M 1 by a larger number, we may assume that ||x|| ≤ M 1 ||x|| * for any vector x ∈ V . Let ǫ ′ be a positive real number such that ǫ ′ < min γ 1 ∈Γ,γ 2 ∈Γ 0 {γ 1 > 0, 1 − γ 1 > 0, γ 2 , 1}, and ǫ ′′ a positive real number such that ǫ ′′ < min{ ǫ ′2 M , ǫ 0 M 1 }. By [HLS19, Lemma 6.5], there exist an integer ln 0 |n and a point r ′ 0 := (r ′ 1 , . . . , r ′ c ′ ) ∈ R c ′ , such that
• nr ′ 0 ∈ ln 0 Z c , • ||r ′ 0 − r 0 || ∞ < ǫ ′′ n , and • || c−d ||c−d||∞ − e 0 ||e 0 ||∞ || ∞ < ǫ ′′ , where c := (r ′ 1 , . . . , r ′ c ), d := (r 1 , . . . , r c ) and e 0 := (e 1 , . . . , e c ).
Let
Let a ′ i := a i (r ′ 0 ) for any 1 ≤ i ≤ k and a ′ := (a ′ 1 , . . . , a ′ k ). Since k i=1 a i = 1 and 1, r 1 , . . . , r c ′ are linearly independent over Q, k i=1 a i (r) = 1 for any r ∈ R c ′ . In particular, k i=1 a ′ i = 1. Moreover, we have na ′ i = n 0 n ln 0 la i (r ′ 0 ) ∈ n 0 Z for any 1 ≤ i ≤ k, and
where a := (a 1 , . . . , a k ). In particular, a ′ i are positive real numbers, since
It suffices to show (6). If k i=1 a i b ij = 1 for some j, then b ij = 1 for any 1 ≤ i ≤ k as k i=1 a i = 1 and 1 ≥ b ij ≥ 0. Thus k i=1 a ′ i b ij = 1. Hence we may assume that 1
The above inequalities hold since k i=1 a i b ij ∈ Γ, kǫ ′ < k i=1 a i = 1, and
If Γ ⊆ Span Q ≥0 ({r 0 , . . . , r c }), then by our choices of a ′ i and r ′ 0 ,
for any 1 ≤ j ≤ s.
Proof of Theorem 1.1. According to Theorem 1.3, there exist a positive integer n 0 and a finite set Γ 0 ⊆ (0, 1] depending only on d, r and Γ, such that possibly shrinking Z near z, (X/Z, B + M ) has an (n 0 , Γ 0 )-decomposable R-complement (X/Z, B ′ + M ). In particular, there exist a i ∈ Γ 0 and boundaries B ′ i such that (X/Z, B ′ i + M ) is an n 0 -complement of itself for any i, and K X + B ′ + M = a i (K X + B ′ i + M ).
By Lemma 6.1, there exist a positive integer n divisible by pn 0 and a vector v ∈ V depending only on ǫ, p, n 0 , v 0 , e and Γ 0 such that there exist positive rational numbers a ′ i with the following properties: • a ′ i = 1, • nv ∈ Z s , and na ′ i ∈ n 0 Z for any i,
||v−v 0 || − e ||e|| || < ǫ, and • nB + ≥ n⌊B ′ ⌋ + ⌊(n + 1){B ′ }⌋, where B + := a ′ i B ′ i . In particular, n(K X +B + +M ) = n a ′ i (K X +B ′ i +M i ) = a ′ i n n 0 ·n 0 (K X +B ′ i +M i ) ∼ Z 0.
